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In man's eternal conflict with the physical elements 
about him, there invariably arises the question, how much?, 
or how many?, or how long? 9 about the phenomenon of immedi­
ate interest to him6 When he was building his first primitive 
home from virgin timber it was necessary to create a gauge 
to determine how many i.mlts of length were to be used at 
various points in the structure; he also needed to know how 
much timber and of what weight would be necessary to protect 
him from the weather and other dangers. As far back as the 
history of mankind is known, the act of answering these 
questions, namely, the art of measurement, has been of vital 
importance. 
Now, as the modern technological society reaches new 
heights in the development of the physical world, the 
measurement technique or process is becoming a science unto 
itself. As such its complexities are manifold and any 
endeavor which will result in the simplification of one of 
these processes should be deemed most appropriate. 
It is with that purpose in mind that this thesis is 
written. The technique contained herein is truly simple 
and possesses sufficient accuracy for a multitude of practi­
cal applicationso 
The basic premise is predicated upon the principle of 
operation of the electronic audio amplifier and uses the 
iii 
negative feedback principle. By applying this technique 
to four readily obtainable voltages at the input and out­
put of the amplifier, the phase-shift within the amplifier 
is obtained. A.side from the academic interest of this 
development, it is believed that it will have much utility 
if appli ed to low frequency amplification devices such as 
the servo-mechanism. 
It is submitted, therefore, that the material contained 
in this thesis will� on a small scale, contribute to the 
gE:ineral science of measurement, and in addition will sim­
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As any true philosopher knows, the proper beginning for 
g�y logical presentation of fact is the definition of termso 
Wnile this thesis is not philosophical by nature it is cer­
t!iinly intended to be both logical and factualo Since there 
will be numerous references made to specialized concepts, 
the following definitions are made. They are designed to be 
neither rigorous nor binding, but merely to 'assist the reader 
in following the author v s meaning. 
System - A conglomerate of electrical� mechanical 9
\. 
hydraulic and/or pneumatic devices associated 
to perform some function. 
Input - An excitation 9 depending upon the nature of the 
system 9 which will cause the system to operate, 
for example, voltage, pressure, or torqueo 
Output - The end product of the system. 
Signal - Energy which is controlled in direction, mag­
nitude, and form for some particular application. 
·. A,utomation - A term, used by industry, which includes
machine operations in which one machine con­
trols the operation of ·another machine. 
1 
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Frequently this takes the form of an 
electrical device controlling some mech-
anical deviceo 
Time-phase Relationship - The time variation in magni-
tude or amplitude of one 
periodic function of energy 
compared to some normo If, 
for example, two functions of 
electrical energy each have a 
sine wave configuration, one 
wave is used as the norm and 
the other wave is said to be 
in phase or out of phase by 
some amount of timeo This 
means that points of equal or 
corresponding ampl i t�!(l;,�f' .•. 
differ along the time axis by 
an amount usually expressed 
in degrees or radianse The 
relationship between time and 
radians or degrees is i
1 = T = 2 pi 
Frequency 
radians = 360 deg. where Tis 
the time of one period of the 
periodic functiono 
Phase-shift Plot - A graphical presentation, on either 
polar or cartesian coordinates, 
3 
showing phase-shift plotted against 
frequency. 
Phase Distortion - The difference in phase between input 
and output signals of a system using 
periodic energy excitation. 
Transfer Function - The ratio of output to input of any 
given system; this describes what 
happens to the input as it is trans­
ferred through the system, i.e.» 
functionally relates output to in­
put in phase and magnitude. 
System Response - The manner in which the device 
operates upon the input signal to 
produce the output signal. If an 
amplifier, for example� produces a 
voltage gain K at some frequency f 
with an associated phase-shift e,
then an analysis of these data 
would reveal the response of the 
system. 
''(3K Plot - A graphical representation obtained by 
connecting the ends of each (3 K vector for 
various frequencies. Since K is a function 
of frequency its amplitude and the amp­
litude of �K will vary with frequency. � 
can be made non-frequency sensitive� however, 
4 
so the� K Plot can be a phase-shift plot 9
thereby achieving considerable importance o
Open Loop - The status of a feedback amplifier in which 
the feedback network is open; or in other 
words, the condition of the amplifier when 
no feedback signal is returned to the inputo 
Amplifiers in General 
Any system which causes a certain signal to be increased 
in magnitude between input and output may be considered 
generically a.s an amplifier. The elements of an amplifier 
may be of many types, sizes� shapes and capacities. 4n 
ordinary block and tackle is a primitive amplifier by which 
man can multiply an appli�d force in proportion to the 
vmechanical advantage' of the system. In electronic usage, 
this Vmechanical advantage v is analogous to the amplifica­
tion factor (K) of an amplifiero Mechanical gears 9 hydraulic 
pumps, amplidyne generators, are all typical examples of the 
amplification principle • 
.Analogy Between Audio- and Servo- Amplifiers 
A servo-mechanism, the heart of which is the servo­
amplifier, is a device which compares two signals and applies 
the resultant of this comparison to an appropriate apparatus 
which will operate in such a manner as to reduce the result­
ant to a minimum value. The frequency of these signals is 
usually well within the audio frequency range. There is, 
therefore 9 a common element, namely frequency 9 between the 
servo- and the audio- amplifier. This suggests the possibility 
5 
of analyzing one using principles derived or established for 
the othero That is precisely what is  to be done in the ma­
terial to follow. 
Statement of Objective 
In most automatically controlled devices it is imper­
ative to know what the time-phase relationship is between 
the input and output signalso This knowledge is ne cessary 
in order to be able to answer two important questions; 
1) How will the system re spond, time-wise?, and 2) Will the
system be stable? Since the feedback or vsampling' circuit 
need not introduce phase distortion of its own, a plot of 
the open loop phase response of the amplifier would be 
sufficient to answer these que stionso On the other hand, 
perhaps the design engineer 9 after evaluating the amplifier' 
phase response, decides to alter it for one reason or 
another; he may then intelligently assign parameters to 
the feedback loop to accomplish this end. In any event 9
the open loop phase res ponse is an essential factor in 
the design of amplification systems which incorporate 
auto�atic control features. 
It is the object of this thesis to establish a tech­
nique which will provide a simple method for analyzing 
audio-amplifier phase-shifto This phenomenon is directly 
analogous to the open loop phase-shift of the servo­
amplifier and could be modified to apply to that device 
equally well. 
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It will be shown that by measuring the input and output 
voltages as shown in Figure 1 9 both with and without feed­
back (switch closed and open respectively) )) the amplifier 
open loop phase-shift may be obtained directly 0
+ 
J_ 
I B CIRCUIT -
AUDIO 
AMPUF/ ER eo UT 
-
Figure lo Block diagram of a feedback amplifiero 
A phase-shift plot may be obtained either gFaphically 
or mathematically using these four measurements at suitable 
frequency values throughout the desired spectrumo The 
sampling network or ? -circuit will be of an easily con-
---
s truc te d resistive type which will introduce negligible 
phase-shift of its owno l
The ease of this technique will be apparent to those 
who have experienced the tedium of using a commercial phase 
meter over a large band of frequencieso In addition it 
offers the designer and technician a simple accurate tool 
for analyzing amplifier phase distortion,. It is hoped, in 
general 9 that it will also advance amplifier measurement 
procedures .. 
1values of? are discussed in Appendix C
CHAPTER II 
HISTORY OF FEEDBACK THEORY 
Definition of Feedback 
According to Terman (1) pages 311-313, \IIn the feed-
back amplifier, a voltage derived from the amplifier output 
is superimposed upon the amplifier input in such a way as 
to oppose the applied signal in the normal frequency rangeo 
By properly carrying out this operation, it is possible to 
reduce the distortion generated by the amplifier; to make 
the amplification substantially independent of the electrode 
voltages and tube constants; and to reduce greatly the 
phase and frequency distortion'� o2 
Syste� Stability 
In order to realize the full advantages of feedback� 
the amplifier and its feedback network must be arranged so 
that oscillations do not occur. This is no problem in the 
so-called mid-band frequency range because there the feed­
back will be negative due to circuit arrangementso However D
at both very low and very high frequencies, the amplifier 
stages produce phase-shifts that cause the phase of the 
2since positive feedback in non-oscillatory amplifiers 
has become fact, Terman v s definition should be modified to 
note the dis tine tion. ( 2) 
7 
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feedback signal to differ from the phase corresponding to 
negative feedbacko Thus, it is possible that positive 
feedback could result producing oscillations and an un-
stable condition. Consequently, stability is a vital factor 
in the design and operation of feedback amplifiers. 3
Dro H. Nyquist and his associates in the Bell Labora-
tories were among the pioneers in stability researcho In 
January 1932, Nyquist (3) published his classical paper on 
feedback amplifier designo His contribution enables the 
engineer to predict the stability of his amplifier even 
before its prototype is available for bench test. 
Another famous paper on stabilized feedback amplifiers 
was published by H. s. Black (4) in 19340 His basic feed-
back circuit� shown in Figure 2, clearly defines the various 
voltages in such a networko 
Black reasoned that if� 
K = Amplification with feedback = I - � K 




[ 8 ;,' jtJ = Ratio of change due to � = (?K�J ;-(3k (? 
So if K(3))l p then the K-circuit is stabilized by an amount 
corresponding to the reduction in amplification and the effect 
of introducing a gain or loss in the K-circuit is to produce 
no material change in the overall amplification of the sys-
tern. The stability of amplification, as affected by the 
3Refer to Appendix A for a brief treatment of stability 
theory. (7 � 15) 
e -circuit, is neither appreciably improved nor degraded 
since increasing the loss in the� -circuit raises the 
gain by an amount almost equal to the loss o This demon­
strates how the stability of amplification follows when 
stabilized feedback is applied to an amplifier. 
E+N+ D 
Where� 
e = Signal voltage 
K = Amplification Factor of Amplifier 
·._,.:.:"' 
Ke = Amplifier output w1 thou�_-:..,J'eedback 
n = Noise output without feedback
d(E) = Distortion without feedback
� = Propagation of feedback circuit 
E = Amplifier output with feedback 
N = Noise output with feedback 
D = Distortion with feedback 
E+N+D 
Figure 2. Black's basic feedback amplifier defining the 
various voltageso 
System Design 
In a paper, published in 1937 :> Termarf·(5) provides a 
system for electronic feedback amplifi.er designv H:@ demon­
strates how distortion and noise are redu�ed by.(the use of 
9 
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feedbacko Included is a simpl�, concise criterion for 
stability which will be quoted here, ttWhen the value of A 
(! is Terman f s symbol for amplification factor) and its 
conjugate are plotted as a function of frequency on rec­
tangular co-ordinates with the real part along the x-axis 
and the imaginary part along th�- y-axis, osc:tllations will 
not occur and the system will be stable if the resulting 
curve does not enclose the point l,o.n 
More recent i.nformation on system design was given by 
Mayr (6) when he concluded his work on an investigation 
of the necessary conditions for flat response in feedback 
amplifiers.. It is customary to treat the performance of 
feedback amplifiers inside the orig:i.nal band-pass in terms 
of linearization and outside this band-pass in terms of 
stabilityo However� in his paper Mayr includes the whole 
spectrum from zero to infinity, in terms of frequency re­
sponseo After deriving a simple general equation which 
gives the frequency response of the complete amplifier with­
out feedback and of the frequency characteristic of the 
feedback network
9 a complete treatment was given for the 
special case of amplifiers with as many as 4 stages of R-C 
coupled or tuned circuit coupling, with constant feedback 
and equal center frequencies for all stages. He concluded 
with formulas which will provid� characteristics and values 
of the component parts for preselected frequency responses. 
Sys tern Ana.lys i:! 
Since the feedback principle, which frequently includes 
differential equations of the second order, offered many 
opportunities for elegant mathematical expression as well 
as engineering application, it is no wonder that ma.thema-
ticians such as Bode have enjoyed a major role in the 
development of basic feedback theoryo In the late '30s 
Dro Bode, an associate of Nyquist at Bell, was developing 
his significant theoryo He, too9 was concerned with 
11 
system stability and in ways and means for predicting such 
stabilityo The result of this effort was the popular Bode 
Diagram or asymptotic method for analyzing amplifier oper­
ation (7, 8)0 Refer to Figures 3a and 3b for a simple 
demonstration of how his system provides gain response of 
an amplifiero Note that the asymptotic construction is 
accomplished on semi-log papero The gain could just as 
easily have been plotted as values of the voltage output 
over innut ratio provided a logrithmic axis were usedo 
t 




F:igure 3a. The asymptotic plot of the gain response of an 
amplifier with a transfer function of e .. = I+- .JT.w,e., t+-JTz.lA.le, 
12 
Thus we have an asymptotic representation of the 
response of the device whose transfer function was given. 
To fill in the actual gain response it is merely necessary 
to place a point 3 db down from both corners of the transfer 
function plot and 1 db down 1 octave away from each corner 
and then connect these points asymptotically with the 







Figure 3b. The actual plot of amplifie<r-·gain obtained from 
the asymptotic plot. · · 
Phase plots are obtained with equal easeo The angle 
at each corner of the transfer function plot is L�5 degrees 
either leading or lagging depending upon the relative values 
of the Time Constants involved. In addition, at frequencies 
well above and below the corner frequency the angle becomes 
90 degrees for that corner. Thus for our given transfer 
function we obtain the phase response as shown in Figure 4. 
While Bodets interest was primarily of a mathematical 
natur�, his di�grams were a boon to the simplification of 
of amplifier response analysis. In 1945 he publlshed his 
classical treatment of passive and active network analysis 
and �pplied these principles to feedback amplifiers o This 
includes not only the basic network equations, but also 
the tools for investigating system stability 9 namely the 
poles and zeros concept.4 While his treatment is very com-
13 
plete 9 some consider it somewhat complex from the mathematical 
aspect. Its true worth lies in the fact that it provides 
rigorous proof for the working premises of f�edback theory 





F RE QUE NC Y 
Figure 4o A phase-shift plot obtained by Bede's Methodo 
Positive � �gative Feedback Combined 
In 1950 a very significant development was made by 
Miller (2) in which positive feedback was used in conjunc-
ion with negative feedback to reduce the attenuating effect 
of the negative return voltage. He designed a simple 
4irhe zeros and poles concept is included in the sta­
bility discussion in Appendix Ae (9) 
two-stage audio amplifier using a combination of local 
positive feedback in the first stage and a moderate amount 
of overall negative feedback to approximate the results 
obtainable from conventional amplifiers using 25 db negative 





Figure 5. A block diagram of positive and negative feed­
back combinedo 
From Figure 5 it can be seen that, 
Amplification overall= A = A. A� .� I A A r.,.. A � A = I - p.,AI - 1 t-'1 - I A..:. 1--'..e. Y 
where f3A � A,(3, + A,A ... �..a
For optimum results A, B, should be made equal to 1 over the 
useful range of frequencieso 
Then, A == A,A..c. =- _L 
/-/ - A, A"' '32.. e.L 
Very good results can still be obtained if A,{3
1 
varies from 
unity by t 20%0 In order to avoid oscillations the feed­
back factor 
A {9 = A,t9, +- A, A .. $.a. 
15 
must be less than positive unity at all timeso So if A,f,,= I 
then A,A.�. f3il!. must be less than Oo But this cannot be 
done, so A,(:3, must be other than unity at frequencies where 
A,A2�� is positiveo He concludes his presentation with a 
discussion of his circuit for a two-stage power amplifiero 
The significance of his work lies in the originality of its 
premise a While most 9 if not all, previous feedback develop­
ments were devoted exclusively to the inverse type, Miller 
introduces a workable scheme to obtain the advantage of 
negative feedback without the accompanying system atten =
uation previously associated with this type of networko 
Subminiturization 
Finally 9 to complete this short resume of feedback 
theory development, a paper by Slaughter ( 10) is noted in 
which the author outlines a fee dback stabilized transistor 
amplifier. Thus we have a relatively old principle being 
applied to the latest electronic amplification device giv­
ing ample evidence that the feedback principle still has 
much utilityo 
CHA.PTER III 




In 1949, Florman (11) brought forth his design for an 
electronic phase meter. This instrument will read and 
record directly on calibrated scales the phase angle be­
tween two sinusoidal voltages having a voltage range of 1-30 
volts over a frequency range of 100-5 9 000 cycles per second 
to a sensitivity of o.5 degrees. The separate sine waves 
are converted to square waves and applied to two separate 
phase indicators. One indicator is ambigous about the 180 
degree value and measures and records the average of the 
algebraic sum of the square waves in the separate channelso 
The other indicator is unambigous, and is operated by 
differentiating the square waves and applying the proper 
resultant pulses to fire a trigger circuit of the Eccles­
Jordan type. The average plate current in the trigger tubes 
is directly proportional to the phase angle between the two 
input voltages. While this system is limited to sinusoidal 
inputs, the common usage of sine waves in current electronic 
devices makes this technique very useful. 
By way of complementing Florman's method we note o:rie 
proposed by Kretzmer (12) in which frequencies are extended 
up into the ultrasonic range. The phase difference between 
16 
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two periodic signals is compared in a flip-flop circuit o
The average current at one of the multivibrator plates is 
measured and 9 by properly calibrating the meter, phase can 
be measured directlyo The square wave type signal can also 
be handled by this method by simply differentiating and 
feeding into the multivibratoro The length of time the 
multivibrator plates spend in each state determines the 
average current which gives a direct phase reading. 
Null Method 
----
In 1951 a null me thod of measuring the gain and phase-
shift of comparatively low frequency amplifiers was described 
(13). In this system an alternating voltage is applied to 
the X and Y deflection plates on a cathode ray oscilloscopeo 
A straight line_ is obtained 9 the extrem,ities of which are 
drawn on the face of the scopeo Then a special circuit, 
Figure 6 1 is inserted and by realigning the trace with the 
dots on the tube
9 ioeo zero phase-shift, the actual phase-









This arrangement allows for possible phase-shift in the 
amplifier when test frequencies are too higho The system 
cancels any phase-shift in the amplifier by introducing an 
equal and opposite phase-shift into the attenuatoro In 
this way phase-shift as well as gain is measured o
An Indirect Method 
A paper describing an indirect method for measuring 
phase-shiftJ published in 1955, will conclude this resumeo 
( lL�) It states that the hunting frequency of a feedback 
amplifier can be changed by inserting in the loop an adjust-
able phase-shift networko Values of gain and phase-shift 
of the original loop at various hunting frequencies can then 
be calculated rapidly and accurately from the known para-
meters of the added network 9 a sample of which is shown in 
Figure 7. 
r- . . =
t----T�
r-1� AMPllFlER d--·--·--,,.... 




l_ 1ATTENUA:j_ t��:;�j_�- _  - _J
'(1 
Figure 7o A block dtagram of the circuit used in an in­
direct method of measuring phase-shifto 
19 
If a gain control is added to the negative feedback 
system and the loop gain is increased from zero until 
hunting just commences, the loop gain is then unity and the 
loop phase-shift 180 degrees at the hunting frequency. The 
addition of an extra phase-shift network at some convenient 
point in the loop will change the frequency of hunto If 
the gain control is then readjusted to just hunt 9 the total 
loop will once more have unity gain  and 180 degree phase­
shift o By calculating the phase-shift of the known inserted 
network and subtracting from 180, the shift of the given 
system is obtainedo The audio oscillator is used to feed a 
frequency signal to the dual beam cathode ray oscilloscope 
in order to measure the frequency of huntingo 5
5An electronic switch might be used here to eliminate 
the need for a dual beam cathode ray oscilloscopeo 
CHAPTER IV 
A SIMPLE PHASE MEASUREMENT TECHNIQ,UE 
General 
The forgoing resume of phase measurement methods is 
admittedly brief and incompleteo However, these systems are 
representative of those in common practice a Further in-
vestigation of available literature on the subject of audio 
phase measurement reveals that a truly simple system which 
uses only commonly available equipment is lackingo This 
thesis proposes a technique which uses nothing more com-
plicated than a good quality vacuum-tube-volt-meter such 
as a Hewlett-Packard Model 400-c, an audio oscillator and 
the choice of either a short graphical construction or a 
brief mathematical calculationo 
Proposed Procedure 
The amplifier to be tested, as shown in Figure 8, is 
equipped with a resistive feedback loop and a switch to 
permit opening and closing this loopo The phase-shift 
between input and output for a particular frequency is 
obtained by the following steps: 6
lo Measure the input voltage 1 which can be set for 
some convenient multiple of unity, with the 




2 o Measure the output voltage o 
3o Close the switch and repeat steps 1 and 2 o
4. Divide· the ratio of the output voltage to input
voltage in steps 1 and 2 by the ratio of output
voltage to input voltage in step 3o If the input
is maintained at the same value for steps 2 and 3
this allows step 4 to be simplif ied and it is
merely necessary to divide the output from step
2 by the output from step 3o This provides a
number we shall designate Ao
21 
5. Loca te the mid-band of the amplifier by varying the
frequency of the oscillator and noting the band of
frequencies over which the output of the amplifier
is constanto
60 Measure the output of the amplifier at mid-band 
with the switch openo Note: It is recommended
1
for the sake of simplici ty, that the input under 
all conditions· of frequency and for both positions 
of the switch be maintained at one constant valueo 
7 0 Measure the output of the amplifier at mid-band 
with the switch closedo 
8 0 Substract the ratio of input over output in step 
6 from the ratio of input over output in step 7o 
This gives a number we shall designate Bo 
9o Multiply B times the ratio of voltage output over 
input obtained in step 6, and design.r':;e,C. 
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10. On a piece of standard polar graph paper such as
K&E Polar -�oordinate #358-31, strike an arc from
the point -1,0, of length A, as in Figure 9.
11. On the same piece of polar graph paper, strike an
arc from the origin of length C, as in Figure 9o
12. The intersection of these two arcs establishes
the angle o<'... .  This angle is the phase-shift for
the amplifier without feedback for that particular
frequency.
A mathematical expression� which will give the same 
result 9 is simply derived from the law of cosines and is: 
C -t [ C 2. +- I - A i. 
Jex = /8,Q - OS ,e C 
The phase response throughout the frequency spectrum 
is obtained for any number of desired frequencies by re­
peating this procedure. Steps 5 through 8 will be performed 
only once as the value B has been purposely made frequency 
insensitive and need not be changed. Once B has been ob­
tained it will be used throughout the analysis j assuming 










Where: K � Amplification without feedback 
K'= Amplification with feedback 
�=Fractional propagation of the feedback 
circuit 
o<.= The desired phase-shift 
Figure 9o The graphical method of obtaining the phase­
shift for a particular frequency and the 
relationship between the numbers A and C and 
their physical equivalentso 
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CHAPTER V 
JUSTIFICATION FOR PROPOSED TECHNIQUE 
Mathematical Verification 
The mathematical development, which will be used to 
verify the proposed technique, will be essentially a vector 
analysiso Since a vector is a representation of a physical 
quantity which has both magnitude and direction, a voltage 
or voltage ratio with a particular phase angle attached can 
be so representatedo Figure 10 illust rates the fundamental 
elements of a feedback ampllfiero Each element is a physi­
cal quantity and is directed, phase-wiseo Therefore, each 
element must be treated as a vector quantityo 
The basic premise of this thesis, and the principle 
that is to be mathematically demonstrated ., is that if an 
arc of vector length corresponding to the ratio K/K' is 
drawn from the point -1 10 in the Cartesian plane it will 
intersect an arc of vector length corresponding to the 
value� Kin such a manner as to define an angle� o 
Furthermore., this angle is the phase-shift�for some par­
ticular frequency, of the open loop amplifier from which 
the values K,K', ¢ B were obtainedo 
By referring to the definition of a � K-Plot and to 




AMPLIFIER ( K) 
� = Feedback Factor= e,,
e.!i = Actual Amplifier Input
K = Amplifier ;\mplif ica tion 
K' = Amplifier Amplification 
'° = Ke,,, 
'-0 .., 
Then ff- = e" + erb - e:., + 6 e,, 
Or _..ea_ -
e" I- (3 K
� K' then K' e.,, t< If 
e,, 
= e.,; :1: eF" 
without Feedback -�- e� 
with Feedback= e,, e.,;. ± erb 
::: 
I-SK
.K_ = /- f3 K {General Feedback Expression] 
K' 
Or 
In the case of negative feedback, the � -factor 
is negative in sign, giving 
K = I+ aK 
I( � 
{Negative Feedback Expression} 
Figure 10. A block diagram of the basic amplifier circuit 
and the derivation of the general feedback 
expression. 
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be located for any one frequency, this point will yield an 
angle, we shall call C< Since, in this case, the quan-
tity (3 was made to have no angle of its own, o< is a pro­
perty of K, the amplification factor ?f the open loop 
amplifier. Thus, since K is the open loop ratio of output 
voltage over input voltage, o< is the open loop phase -shift 








\ I K' 
FREQU�CY�-�����--��=
0







.......... ___ - - -
A, typical {3 K-Plot showing the component 
vectors K/Kt and � Ko 
PHA5E-
5HfFT 
We reason that, for the case of negative feedback, if; 
then 
T' = l+(:3K 
f,-1 = �K
These vector quantities may be manipulated in this manner 
because the unit vector has an associa.ted ang-
")..
le of zer.o 
for all values of K,K' and .(3 •
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Now, if Pis any arbitrary point on the � K-Plot, as 
in Figure 12a, the � K-vector, which established this 
point, can be resolved into its component parts bearing in 
mind the relationship (? K = K/K' .-1 o One component is -1 
while the other component is K/K' o This resolution, as
shown in Figure 12b, creates two vectors of lengths 1 and
K/Kv which originate from the point -1,0 o
-1,0
Figure 12a. The manner in which one arbitrary point P 
is located on the � K-Ploto 
p 
----- -- - - - - -----------------
Figure 12b. The resolution of vector � K into its 
component partso 
Now the unit vector is necessarily fixed but the K/Kt 
vector and the (3K vector are variable and depend upon 
relative values of K,K' and � However, we have shown 
that whatever their lengths they will always have a common 
point, namely point P which lies on the @ K-.Plot at the 
intersection of the two vector arcs. Therefore, for the 
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particular arrangement of K,Kv and '3 which corresponds to 
P, an angle C>( is locatedo Since K and KV are functions 
of frequency it is logical to conclude that the point II? 
corresponds to some particular frequency. Thus, if a point 
Pis found for each frequency, it will define a � K vector 
plot referred to the axis origin and the angle associated 
with each @ K vector will. be the open loop phase-shift of 
the amplifier. 
The mathematical formula, which will yield the same 
angle as the graphical construction, is developed as follows: 
Refer Figure 12a; 
e><. = !BO - T




I KJ .. -
IK°' - !SKl
i. 
+ I - Z 16� Cos Y
/ = Co.s·/ IB K(° + I - I K/1<'1 1.
.?.. Jl3KJ 
= /fjO - Cos -I J61<!''- + I - IK /i(J
1.
..e.jSKI 
Therefore, the proposed technique has a foundation in 
mathematics. It will next be shown that it also has a 
foundation in physical reality, through the medium of an 
experimental verification. 
Experimental Verification 
In order to achieve an element of generality in obtain-
ing laboratory data" parameters of the experimental audio 
amplifier were changed ·a.uring the investigation� effectively 
creating two separate resistance-coupled audio amplifiers 
which are designated Amp-1 and Amp-2. Each amplifier was 
analyzed separately and has its own set of response 
data.7 
The results of the experimental investigation were 
completely positive for both amplifiers o 8 With minor 
exceptions, as seen on Figures 13 and ll�, the accuracy of 
the proposed method, hereon referred to as the graphical 
me thod 11 was we 11 within the accuracy of the instruments 
used in measuring voltages and phase angles. Where no 
variance between actual and graphical values is indicated 
they differ by only t 2 degrees or less. The variance 
seen between 1 kc and 10 kc is still within meter 
accuracy but is noted here to show by comparison how 
accurate the technique can beo The variance in the re­
gion from 20 k9 to 60 kc, while not large, is probably 
due to a small amount of phase-shift being introduced by 
the feedback loop at those relatively high frequencies. 
The differences are not significant and do not affect 
the accuracy of the overall method. It is encouraging, 
from the servo-mechanisms aspect, to achieve such ac-
curacy at low frequencies, for if the advantages of this 
technique are to be fully exploited� an application to 
servo problems is necessary. 
7For specifications of both amplifiers refer to 
Appendix B. 
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8For full details on the experimental procedure refer 
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SUlVllVIARY AND CONCLUSIONS 
The objective of this thesis was to present a simple 
measurement procedure which would aid the engineer in 
analyzing the phase-shift of a low frequency amplification 
system. This has been accomplished using an electronic 
audio amplifier, first by giving a detailed description 
of the method, and secondly, by justifying the method 
mathematically and experimentallyo 
A brief history of the fundamental theory involved 
was given along with a resume of some other methods of 
phase analysis. The former was intended to acquaint the 
reader with the basic principles of feedback amplifiers
j
while the latter provided a means for comparing the 
simple method contained herein with other methods in 
common use ,at the present time. 
Qualificattons and Limitations 
This technique has limitations as do most measuring 
operations. To begin with, it is primarily intended for 
use in the audio frequency band (G - 20,000 cps). At 
frequencies of a higher order capacitive coupling between 
amplifier and feedback loop is entirely possible and 
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this would introduce error into the phase angle data o
Furthermore, inductive and capacitive effects in the re­
sistive elements of the feedback network could provide 
another source of error at extended frequencies. 
Another limitation is inherent in the nature of the 
graphical construction which makes it very difficult to 
obtain accurate phase angles in the immediate vicinity of 
mid-bando This is principally due to the limitations of 
the VTVM used in measuring output voltageso The values 
of the two vectors, and thus the values of the output 
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voltages9 must be very precise in order for them to inter­
sect properly in this region since the arcs are approaching 
each other tangentiallyo Figure 15 clearly demonstrates 
this situation and also shows the difficulty experienced 
in determining the exact point of intersection near mid-
bando It is recommended, therefore, that the mathematical 
equation be used in conjunction with the graphical con­
struction when arcs become overlappinge This will minimize 
construction errors but will not eliminate the errors 
,. 
completely because, as has been stated, the VTVM does not 
usually possess sufficient accuracyo Thus, while values 
of phase-shift from plus 10 degrees to minus 10 degrees 
will not ordinarily be obtainable with especially good 
accuracy, it must be remembered that the mid-band phase­
shift is of very little importanceo In the first place, 
phase-shift at mid-band is quite small in relationship 
to the rest of the spectrum, and secondly, stability is 
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of no concern in that range of frequencies because the 
feedback will assuredly be negative by virtue of the circuit 
arrangemento Therefore this limitation is of very minor 





Figure 150 The intersection of the two vectors is diffi­
cult to determine in the immediate vicinity of 
mid-band .. 
Finally, there is a degree of ambiguity in the method 
in as much as the two vector arcs will intersect at two 
points for most frequencies. This is illustrated in Figure 
16. Therefore
j 
the operator must be able to interpret
these pointso This is not difficult 9 when analyzing a 
conventional R-G coupled audio amplifier, if it is realized 
that in the low half of the spectrum angles will lead and 
be positive and in the high frequency half the opposite is 
true ., If the angle is determined to be either + 240 or + 120 
degrees, for example, another reading for a neighboring 
frequency must be taken to establish the correct angle .. 
If the frequency is increased and the new angle is seen 
to be either plus 100 degrees or plus 260 degrees then 
the original reading is plus 120 degrees and the second 
reading is plus 100 degrees because it is known that the 
phase-shift decreases as the frequency increases, up to 
mid-band at which point it reverseso Once this ambiguity 
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has been resolved for any two adjacent frequencies it will 
cause no further question throughout the analysis. 
-+--
-1,0
Figure 16. An ambiguity is caused by the double intersection 
of the two vector arcso 
Conclusions� Recommendat� £££. Further Stu9:I 
The proposed method for amplifier phase analysis has 
been conclusively substantiatedo Laboratory comparison 
between values obtained from a commercial phasemeter, an 
inexact norm at best, and values obtained graphically are 
in very close agreement. Therefore, it is concluded that, 
subject to certain limitations, the method is as accurate 
as the data upon which it operated. Furthermore, it can 
be used to make a spot check of three of four angles each 
side of mid-band or it can just as easily and with little 
extra effort provide a complete phase response for the 
entire spectrum. This makes it an extremely useful de­
vice. 
Since many recent developments indicate that the electro­
mechanical analogy is applicable to servo-amplifiers to the 
extent that certain principles of the electronic amplifier, 
within limits of frequency» are directly analogous to the 
servo-amplifier, a simple method of determining the phase­
sh1.ft of an audio amplifier could be directly applied to 
the evaluation of the phase relationships in the servo­
mechanismo Therefore 9 it is reconnnended that the simple 
measuring technique, proposed herein, be considered merely 
as a tool to be used in future investigations concerning 
low frequency amplification systems. To do this it will 
be necessary to establish the exact nature of the analogy 
as it applies to audio- and servo- amplifiers. A sample 
of the questions related to servo-amplifiers which need to 
be answered are� 
1. What band of frequencies are most common and over .
how much of this ban.d does each system operA.te?
2. What type of feedback loop could be used which
would be completely insensitive to frequency?
J. How and where would the feedback loop be inserted
for data collection purposes?
Armed with the answers to these and other questions, 
this simple phase analysis method could be effectively 
applied, by the engineer 9 to both des ign and field problems. 
37 
In either case the operation could be performed with com­
plete confidence, and with less equipment and time than 
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Methods for Determining System Stability 
The following methods are of classic mathematical 
form. Distinct from this form is the Laplace Transform 
approach j which will be treated later in this section. 
The classic methods are concerned with: 
1. Determining the roots of the Characteristic
Equation.
2. Determining the sign of the roots of the Char-
acteristi� Equation by Routh Y s Criterion.
3. Determining the complex-plane plot and applying
a generalized form of Nyqulst V s Criterion.
In order for any amplification system 9 meaning one 
containing active elements, to be stable it is not only 
necessary that it be stable in normal or steady state 
operation, but also that any transient disturbances decay 
quickly enough to permit rapid recovery by the overall 
output. When using the classical or Heuristic Method to 
solve differential equations it is necessary to select a 
function of current and/or voltage to represent the 
steady state and transient currents and voltages, for 
_ P11t- [ "f',1t c S,.::t 
example 1n c / ,..., c 0 R l(,E where p n and s,,: 
represent the roots of the Characteristic Equation. For 
the transient terms to vanish with increasing time it is 
necessary that the real part of all the roots of the Char-
acteristic Equation be negative in sign. This is the 
mathematical condition for stability. The magnitude of the 
real part of the roots of the Characteristic Equation is 
inversely proporti onal to the time required for the transient 
disturbance to decay to zero. Therefore the farther the 
roots lie to the left of the imaginary axis, the greater 
will be the stability as shown in Figure A-1. 
GREATf.ST 
STABILITY 
--»�//;{�/;//;/ �� '\'\�� �f\LOCATIO.r-f'6J LOCATION OF��� �-
J;:;� kDOTS FOF( ROOTS FOR �-
-E-�'r'/�/.,__����-+-����-------�...,,_�-- REAL
//:/ STABLE AN UN.STA8lf�-
�1���� 
Figure A-1. Stability or instability will be greater or 
less depending upon the relationship between 
the roots of the characteristic equation and 
the complex plane. 
� Characteristic Equation 
In the network solution of differential equations, 
using the so-called Heuristic approach, it is required to 
judiciously choose values for the unknown functions such as 
current i(t), and voltage v(t). In as much as a preponder-
ant number of current and voltage waveshapes can be 









and if the differential equation is then expressed as 
d"· n. d..&,___ J 'd 
J'r: (( )ao d:" + a_,c/ r·• + ... + a,,_, d t + a.1:1+-I ,.{,, t + • • • + an+7 
,,t dt .::::. i 
then by using the value of i(t) selected above, it can be 
written 
To reduce this equation it is set equal to zero, which is 
valid because the form of the transient response is in-
dependent of the applied voltage v(t). This gives, 
1. ,, n-1 an+r 
. 
a.n:i:t:) ·I r-t = o la_., p f a, p +. •. + an-I p + a,., + p- + ... + fj e 
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from which the Characteristic Equation is obtained by 
multiplying through by a power of p large enough to remove 
all pis from the denominators, 
n+j- n•i-1 t+ 'r 't 7-1 a. -0 aop + a,p t . . . + a ,,.,p +ar1p +Cl.n,i..1 p + • . . + 11+1 -
Routh's Criterion..!£!..: Stability 
Given a Characteristic Equation such as 
ao s 11 +-a,5 11•1 -t- a .. -.5 ... ·2. + . . . + a,, _, ..5 t- a... =O 
where ao.., a,
1 
• • • a ,., -� a,,_ are the coe.f'f ieients of the powers of
s, s being a transformation of p, and all coefficients 
of the decreasing powers of s from n to O are presento 
(If all the descending coefficients are not present, the 
system is unstable.) Let n equal 7, for example ., and 
arrange the coefficients according to this array, 
From this array calculate the remaining terms, 
Q.o; az. I a <I) a f,1 
a, a� a. .,,- a,
) I ) 
b,., b.,) .b� 
c,) C:1, Cs, 
cl,) 
cl.3) 
e, J e'l 
.r, ) 
:!•1 
where: b, - a. a.., - a,, a�
a...








Now RouthVs Criterion is applied, which states that the 
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c:t c.
system so repre�ented by the Characteristic Equation is 
stable if all the terms in the left column of the array have 
the same algebraic sign. If all the signs in the left 
column are not the same, the number of changes of sign 
indicates the number of roots with positive real parts. 
For example .,
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If the Characteristic Equation is, 
'I 3 .. 
S + .c.5 +BS +4.5 +-5 =o
then the array would be, I 8 3 
�4 
l:, 3 
and the given system is stable. 
On the other hand, if the Characteristic Equation is, 
" :1 z. 
s +..c.0 + -.5 +4.S +-1:.. =o 
then the array would be, I I � 
,C 4 
-I�
and the given system is unstable. Furthermore, since 
the sign changes two times, there are two roots with positive 
real parts. The reader is referred to the literature for 
the Nyquist Criterion as it does not lend itself to a resume 
of this type (3). 
Stability Analysis Using Laplace Transforms 
The Laplace Transform approach to stability analysis 
incorporates several advantages over the classical method. 
For instance 1 transient and steady state components may be 
handled simultaneously and thereby separate operations like 
obtaining the Characteristic Equation and the Particular 
Integral are avoided with an appreciable reduction in labor. 
In addition� the mathematical operations are simplified due 
to a characteristic of the transform which reduces the 
differential equation to an algebraic equation, which is 
easily manipulated and then retransformed to give a com-
plete solution. Lastly, in a pure stability analysis, the 
Laplace method makes it p ossible to determine stability 
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without retransforming tµereby providing additional 
simplification. This la.st process is commonly referred 
to as the poles and zeros concept. Referring to Figure 
A-2 it will be seen that the important factor in stability
considerations is the loop transfer function, which is 
KG(jw).AF(jw). That this is a correct interpretation may 
be shown from the frequency-response equation 
�(Ju.J) = 
KG (JW) 
e.; I+ KG (Jw) AF(uw) 
If the system is absolutely unstable and linear, then 
!:- ( jw}-oo at some value of jw. This can happen only
if the denominator of the equation becomes z�ro, and for this 
to be true KG( jw)AF( jw) must become -1. 
The mathematical condition for instability is then 
1 + KG ( jw) AF ( jw) = o. 
e;. e,:1:A 9o 
6t :
KG ( J W) ), :i, 
ta.AF (jw) 
where: 8J. = System input expressed in radians 
eo = System output expressed in radians 
KG( jw) = The system transfer function 
AF ( jw) = The loop transfer function 
Figure A-2. Block diagram of basic single loop feedback 
system. 
The equation, 
I + l<G(jw) AF(jw) 
is actually the differential equation of the system and in 
general addition may be represented by the ratio of two 












Where the denominator is the differential equation of the 
system and if expanded yields, 
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From which the original system equation may be generalized 
to give, 
t +- KGCs) = (s-s,)(.s-s .. )(.s- 5,) · · · = o 
(s-s ... )(3--S1;)(S�Sc) ... , 
where s, , s.c , sj , etc. are roots of the numerator, ioe., 
the values of s for which the numerator becomes zero; s"'- , 
�, �, etc., are roots of denominator, and s in general 
is a complex variable, s = L:I. +Jw • In ma the ma tic al term-
inology s, , sA , etc., are zeros of the equation and s�, sb , 
� ,  etc., are poles of the equation. 
If it is noted that this generalized equation is 
actually the differential equation of the system 9 then it 
is easily seen that the only significant values are the 
zeros since only these can make the frequency response go 
to infinity. Furthermore, only those zeros which have 
positive real parts are of interest since only the roots 
which have positive real parts can cause instability in a 
system. 
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This, of course, is a generalized treatment aimed at 
analyzing complex feedback systems. In many specific cases 
it may be possible to analyze the factored Laplace form by 
inspection. If it can be established that there are no 
positive roots of s then the system will be stable. 
From this brief outline, the advantages of the Laplace 
Transform approach to system stability analysis becomes 
quite apparent. And, while these methods, classical and 
Laplace, do not exhaust all the known processes, they re­
present the most commonly used techniques in current 
practice. 
.APPENDIX B 
THE EXPERIMENTAL AMPLIFIER 
.A detailed analysis of the design of the amplifier used 
in obtaining experimental verification would not be relevant 
to the subject. However, a few points of possible interest 
will be discussed in an effort to present a complete picture 
of the experimental work. 
c; 
Where: R1 = 500 ohms 
R2 = 500 o.hms 
:, 
= 270k ohms 
= 100k ohms 
R5 = 5 0 0 k _91:n'!f s 
R6
= lk ohms 
�l 
= 50k ohms 
= lOOk ohms 
R9 = 160 ohms 
R10 = 15k ohms 
R11 = l.5meg �
R12 = 50C' ohms 
Figure B-1. A schematic of 
f?, R,1. 
R,o 
01 = .02 or .1 micro-farads 
C2 = .02 micro-farads 
C3 = 25 micro .,..farads 
gi 
= 25 micro-farads 
= 8 micro-rarads 






the experimental amplifier. 
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The amplifier, shown in Figure B-1� is a conventional 
three stage, R-C coupled, audio design with an untuned out­
put stage. To this was added a simple resistive feedback 
loop plus a switch arranged to provide inverse feedback when 
desired. It is worthy to note the method used to couple 
the feedback signal into the first stage. Since R2 is not 
by-passed it will provide a small source of degenerative 
feedback. However 9 it was determined that since this feed­
back would be present both with the switch S open and closed 
the overall results would not be materially effected. The 
alternative would h ave been to by-pass this resistor with S 
open and use a complex switching arrangement to develop the 
feedback voltage, with S closed
j across some other unby­
passed resistor which would then be removed from the circuit 
for open loop operation. 
Capacitors C1 �nd C2 were deliberately made too small 
for optimum results in an effort to lessen the bandwidtho 
A wide bandwidth 9 it was felt 9 would unnecessarily increase 
the labor of data accumulation and reduction without provid­
ing any compensating advantages. A transformer with poor 
response characteristics was specified for the same reasono 
Three stages were used in order to assure ample gain 
during feedback operation. A lesser number of stages might 
have required higher operating conditions per stage with 
an undesireable increase in distortion. 
The value of R11 was determined experimentally. Orig­
inally it was only 200k ohms but this value resulted in 
oscillation at low and high frequencies. Figure B-2 illus-
trates why the oscillations occured when � was made too 
large as a result of R11 being too small. Actually R11 is
composed of a fixed resistor of 1 meg ohm and a 500k ohm 









Figure B-2o A typical 6 K response curve s'howing insta­
bility as a function of � • 
The measured gain response of the amplifier, shown in 
Figures B-3 and B-4, are fairly typical except for a peak­
ing affect at the high end of the frequency spectrum which 
shows on the plot as a decrease in the slope of the curve 
above 10 kc. This is attributed to a resonant condition 
cause by stray capacitance resonating with leakage induct­
ance in the poor quality transformer. The result of this 
effect is an unintentional improvement in the high fre­
quency response. The overall result is a widening of the 
bandwidth. In as much as the phase-shift of the amplifier 
without feedback is the prime purpose of the proposed 
technique, the response without feedback is the character-
istic under discussi'on. However, as feedback theory 
indicates, gain response is generally widened by the use 
of negative feedback. This is clearly shown in Figures 
B-3 and B-4, and since the open loop sys tern has a small
source of negative feedback in the first stage this might 
account for some additional widening in the open loop re­
sponse. 
In order to obtain data from two amplifiers, rather 
than one, the circuit shown in Figure B-1 was designated 
Amp-1 and by changing C1 from .02 micro-farads to 1 micno­
farads and shunting the input to the last stage by a 500 
micromicro-farad capacitor, another amplifier was effect­
ively created and is designated Amp-2. That these changes 
affected the amplifier with a distinct gain and phase 
response is clearly shown o.n Figures B-5 and B-6. While 
the changes in low response expected from the increase in 
C1 is not as apparent as it could be in the gain response, 
which is probably due to transformer cut-off, the phase­
shift response is notably different. Furthermore, the 
effect of shunttng the output of Amp-2 is quite evident in 
the high frequency region. The gain is seen to drop off, 
beginning at about 5 kc, which corresponds to the calcu­
lated situation. 
In any event, the changes are sufficient to cause a 
difference in the data used in the graphical method and 
therefore constitute the element of generality sought. 
It is safe to conclude that any conventional R-C coupled 
audio amplifier would be analyzed as accurately as were 
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Figure B-3o Gain response, with and without feedback, for Am.p-1. \J1. 
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LABORA.TORY PROCEDURE FOR EXPERIMENTAL VERIFICATION 
General 
Both amplifiers, Amp-1 and Amp-2 were analyzed in 
exactly the same manner. The same procedure is applied to 
each in obtaining laboratory data. This was done to in­
sert a degree of genera lity in the results. 
Determining Values.£.££. _.6.. 
The amount of feedback returned to the input is 
limited by stability considerations and is a function of 
the � factor. Thus, if too much feedback is used, th e 
e K-plot will encircle the point -1,0 and oscillations 
will result. An accurate determination of� is, there­
fore, very important. It was found, during experimentation, 
that the larger the amount of feedback, the more accurate 
the results. This, of course, is true only up to acer­
tain point. Thus it was decided to vary the potentiometer 
in the feedback loop until oscillation occured at very 
high and very low frequencies and then reduce the feedback 
until no suggestion of oscillation was detected. The sta­
bility of the amplifier\ was then checked over the entire 
band by slowly varying the frequency and observing the 
output waveshape on the oscilloscope. 
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The setting of the gain control is also an important 
preliminary. It not only affects the stability but also 
the effectiveness of the graphical phase angle technique. 
If the gain is set too low the voltage measuring devices 
may lack sufficient accuracy to provide vector arcs which 
will intersect at very low frequencies. If the gain is set 
too high the feedback must be too small for good accuracy. 
These two factors, gain and feedback must be properly 
balanced to achieve good results. There is no clear cut 
way for this balance to be accomplished, however, in 
Appendix D the author outlines a system which worked quite 
well. 
A feedback of approximately -10.5 db, at mid-band, was 
used for Amp-1, giving a value for � of .000855. Any value 
of feedback between 5 - 15 db should give satisfactory re­
sults. Since the g ain must be kept sufficiently high in 
order for the vectors to intersect at very low frequencies, 
a gain of 69 db was usedo The corresponding values for 
Amp-2 are only slightly different, f3 = .000876 or -11.3 db 
of feedback, with a gain of 68.8 db. 
As has been shown previously, the vector arcs begin 
to overlap as the frequency is approaching mid-band. Con­
sideration was given to varying {9 at one or more points 
in the band so that these arcs might intersect more pre­
cisely. However, in the interest of simplicity, this was 
not included in the procedure. Aside from introducing 
additional adjustments, varying� was not necessary 
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because the intersections are definite enough for all fre­
quencies except those within the zone of inaccuracy, near 
mid-band. This zone is created by factors beyond the con­
trol of @ and so would not be improved by manipulating e . 
Obtaining� 
All equipment used in the experimental investigation 
is shown in Figure C-1, along with a connection diagram. 
A preliminary set of phase and gain response data was 
obtained at the outset in order to arrive at some notion 
concerning the bandwidth of the amplifier. This revealed 
a'hurnp' in the feedback response which is probably due to 
leakage inductance and stray capacitance in the output 
transformer. 
Unit #8 was used to compare with #4 and they were 
found to be in agreement within 4 degrees at any frequencyo 
tfter that a few phase angles were plotted on graph paper 
to see if the original premise had foundation in fact, 
While r esults were generally positive, they were not as 
accurate as it was believed possible. So a series of 
measurement refinements were initiated to track down the 
elements which were caus:ing the discrepancies. 
One of the first parameters to be suspected was the 
{3 -factor. Originally, this had been calculated from the 
values of the resistive voltage divider from which the 
feedback voltage was obtained. Due to possible interaction 
between circuit elements while under. operating conditions .,












The numerals in each block identlfy pieces of equipment 
as follows: 
1. Hewlett-Packard (Model 400-C), Vacuum-tube-volt-
meter.
2. Hewlett-Packard (Model 400-A), Vacuum-tube-volt--
meter.
3. Hewlett-Packard (Model 650-A), Test Oscillator.
4. Deltron (Model 100-A), Phasemeter.
5. General Electric (Type 2-B), Oscilloscope.
6. Regulated Power Supply.
7. Experimental Amplifier.
8. McCollum (Model 1-A), Phasemeter. {I-
* Unit #8 was used only to check the accuracy of unit #4.
Figure C-1. Connection diagram of equipment used in exper­
imental investigation along with a description 
of each unit. 
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noted, at this point, that after the phase angle passes 
plus 90 degrees on its way to O degrees, the accuracy of 
all values becomes critical. Because the arcs of the two 
vectors are not only becoming quite large but are also 
approaching each other tangentially, a slight error in a 
voltage measurement could result in a phase angle error of 
10 - 15 degrees. Of course, an error in the values used 
for the multiplier � would also produce error and {3 
must be known exactly. This can be accomplished quite 
simply. From the general expression for negative feed-
back we see that, 
from which, 
_Kl 
K I+ 6 K 
I + (3 K 
At the exact center of mid-band frequencies, when phase-
shift is zero, these vectors may be manipulated algebrai-
cally, since no angle is attached to them. This results 





Therefore $ in order to obtain a sufficiently accurate e 
it is merely necessary to measure the output voltages for 
open and closed loop operation at mid-band and calculate 
0 directly. 
The Vacuum-tube-volt-meters were then given a brief 
calibration as a matter of routine and were all within 
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specified accuracies. However, since these types of meters 
are most accurate in the upper quarter of their full scale 
movement, all readings were taken in the lowest possible 
multiplier range. It was noted, furthermore, that when 
voltage readings were taken below the half-scale point, 
error in the graphically obtained phase angles resulted. 
Finally a data run was made on each amp lifier and the 
figures applied to the graphical phase angle technique. 
This data for both amplifiers is shown on Table C-1. 
Use of Graphical Method 
After a complete set of output voltages was secured, 
the vector lengths K/K' and (3 K were calculated. These 
values were then struck on polar graph paper and an angle 
was measured for each frequency. When the frequency 
approached mid-band the mathematical exp ression was em­
ployed. The results were excellent, giving testimony to 
the effectiveness of the attempted procedural refinements. 
(Appendix D exemplifies the entire experimental procedure.) 
TABLE C-1 
TABULATED RESPONSE DATA FOR AMP-1 & AMP-2 
Amp-1 Amp-2 
Frequency Phase-shift Output Output Phase-shift Output 
in Cps in Degrees Volts Volts in Degrees Volts 
ACTUAL GRAPH w/o FB w/ FB ACTUAL GRAPH w/o FB 
20 + 172 2.2 2.8 162 2.4 
30 + 158 163 5 .4_ 9.5 137 137 5.6 
50 + 115 113 11.8 10.6 102 103 1L6 
70 + 90 91 16.3 9.6 82 82 16.0 
100 + 68 68 20.8 8.9 60 61 20.1 
150 + 47 l.1-7 24.0 8.5 41 43 23.3 
200 + 3L1. 35 25.7 8.4 29 31 25.0 
300 + 22 26 27.0 8.3 18 23 26.2 
io
o + 1L� 18 27.6 8.3 11 11 26.9 
00 + 7 18 28.0 8.3
800 + 3 0 28.0 8.25 1 0 27.3 
1,000 + 0 0 28.0 8.25 0 0 27.3 
1,500 3 0 28.0 8.25 7 0 27.2 
2�000 9 10 27.6 8.25 12 0 26.9 
3,000 - 17 20 26.8 8.25 23 25 25.7 
5,000 - 31 37 21.�. 0 8.25 L_1 ii 
23.0
8 ., 000 - 50 54 20.1 8.25 64 113. 7
10,000 - 61 63 18.0 8.25
15,000 - so 80 14.5 8 oL� 102 100 12 .1 
20
:,
000 - 100 95 12.0 8.7 129 115 10.0 
30 :, 000 - 1l.�7 126 9.9 11.5 173 150 6.7 
4_0 fl 000 - 197 216 7 .4_ 12.0 212 209 4.5 
50,000 - 223 219 4.s 6. 7 249 240 3.35 
60�000 - 253 238 2.8 3.2 ;1-_; .. 255 1.64 ,. 




























�- Note: The Phasemeter did not have sufficlent gain at these 
high frequencies to register an angle. 
APPENDIX D 
SAMPLE APPLICATION OF THE NEW TECHNIQUE 
General 
.lmplifier Amp-2 will be analyzed herein as a typical 
amplifier for which the phase response is desired. All 
pertin ent values will be recorded on a master data sheet, 
Table D-1, and the graphical method will be demonstrated. 
Preliminary Preparations 
The first step would be to run a spot gain response 
to learn the magnitude of frequencies involved and to locate 
K
j the open loop amplification factor at mid-band. Next 
a suitable feedback loop must be designed. Bearing in 
mind that this loop must be purely resistive, the transfer 
function ((?)must be found. A rule of thumb which might 
be helpful at this early stage is that due to the geometry 
of the vector manipulation,.� should fall between the 
values of 1/K and l/K/2. Using this guide the resistive 
transfer function is designed. In this case K is found to 
be 2730 so@ would fall between .000366 and .000735. 
Figure D-1 shows how this is arranged with a potentiometer 
to allow a fine adjustment. 
It is assumed that the amplifier is equipped with a 
gain control which will be needed to obtain the proper 
balance between gain and feedback. 
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I MEG _n_ 
s 
500..n_ 
Figure D-1. Showing preliminary feedback loop from which 
values of � from .001 to .000333 are 
obtainable. 
The next step is to set the gain and � controls to 
a more exact degree. As has been stated, the vectors may 
fail to intersect at very low frequencies. So the gain 
must be made large enough, within limits of stability, to 
overcome this difficulty. This is done quite simply. After 
the gain is set, take a voltage output reading with the 
feedback loop open and closed with the signal generator 
set at the lowest frequency of interest. From these two 
values calculate K/Kt and � K (assuming that (;? has been 
determined from the mid-band amplification values of Kand 
KV as outlined in Appendix C). If these two calculated 
figures do not add up to unity, they will not intersect 
and the gain must be increased slightly. It may not be 
possible to get intersection at the lowest frequency but it 
should be in the very low range. In this case it was 
affected at 30 cps which was satisfactory. Then the 
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$ control is rotated until � K becomes large enough to 
cause oscillation at very low and very high frequencies. 
Then � is reduced well below the unstable value and the 
output waveshape is observed on the oscilloscope to make 
certain that no oscillation is present at any frequency in 
the band. 
of K and K'; 
Since a high 
.!;; is then recalculated from the new values 
this turned out to be, 
K = 2730
K1= 805
{3 = 1/Kt - 1/K = .000876
value for ?> is desireable, this figure is 
very acceptable even though it is slightly higher than the 
rule of thumb indicated. Equipped with an accurate {;, 
and knowing the frequencies over which the phase response 
is desired we are ready to record data. 
Obtaining Data 
The Hewlett-Packard 400-c will be used to measure 
input voltage, which will be held constant at .01 v. The 
Hewlett-Packard 400-A will be used to measure output 
voltage. The oscilloscope will be used to insure against 
oscillations within the amplifier. 
The signal generator is set at 20 cps and the output 
voltages recorded for open loop and closed loop operation. 
Then the frequency is increased with similar voltage 
readings being taken for each frequency until the entire 
band is covered. Since the input voltage is liable to 
vary, due to changing input impedances at higher frequencies, 
it should not be assumed constant and must be checked be-
fore recording each voltage measurement. 
Next the K/K' and (? K vector lengths are calculated 
for each frequency. This data is entered on the master 
data sheet Table D-1 and no further data is needed. 
Using Data 
A piece of K&E Polar Coordinate# 358-31 graph paper 
will be used for all phase angle construction. For con-
venience it should be attached to pieces of paper as shown 
in Figure D-2 to allow for arcs which are too large for the 
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Figure D-2. Showing the arrangement of graph paper and the 
full and half scales which will be used. 
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TABLE D-1 
MASTER DA.TA. SHEET FOR AMPLIFIER AMP-2 
Frequency Phase-shift Output Output Gain Gain K/Kt f; K #
Cps Degrees Volts Volts 
Actual Graph w/o FB w FB 
20 + 162 {:· 2.
i 
3.1 
30 + 137 137 5. 7.85 
50 + 102 103 11.6 9.2 
70 + 82 82 16.0 8.75
100 + 60 61 20.1 8.35
150 + 41 43 23.3 8.2 
200 + 29 31 25 8.1 
300 + 18 23 26.2 8.1 
L�oo + 11 11 26.9 8.06 
800 + 1 0 27.3 8.05 
1,000 1 0 27.3 8.05 
1,500 - 7 0 27.2 8.o 
2,000 - 12 0 26.9 8.0 
3
!1 000 - 23 25 25.7 8.05 
5,000 - it i� 
23 8 .15 
8,000 - 18.7 8.3 
15,000 - 102 101 12.l 9.1 
20,000 - 129 115 10.0 9.9
30 ., 000 - 173 150 6.7 11.5 
L1.o, ooo - 212 209 l+.5 6.65 
50,000 - 249 240 3.35 3.9 
60,000 - L 1. 255 1.64 1.7 
#� = .000876 
db db 
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LL Phasemeter lacked sufficient gain to yield an angle at
this frequency. 
The remainder of the process is simple and direct. 
Referring to the data sheet, for 20 cycles, we see that 
K/Kt + e K -:j unity so. the graphical construction will 
not render an angle because the vectors do not intersect. 
Ho wever, at 30 cycles an arc of K/Kt = .714 intersects with 
· an arc of � K = .491 giving an angle of either + 223 or
+ 137 degrees. This ambiguity is easily resolved by taking
the next frequency which is 50 cps and striking an arc of 
K/K' = 1.26 and an arc of � K = 1.016. These intersect 
and give an angle of either + 258 or+ 102. We i:rmnediate­
ly log this angle as +  102, and the previous angle as+ 137 
because it is known that for this type of amplifier, the 
phase angle is positive in the low frequency range and 
will decrease as the frequency is increased. This ambi­
guity will no longer concern us. The next angle, from 
K/K• = 1.83 and � K = 1.4, is + 82 degrees and so forth 
until we arrive at a frequency which gives a phase angle 
of about+ 10 degree� at which point accuracy will be 
difficult until the frequency is high enough to cause the 
phase angle to pass - 10 degrees. Following this proce­
dure, the remainder of the phase angles are obtained. 
In Figure D-3, which illustrates this process for several 
angles, half scale was used exclusively due to space 
limitations. However, in practice a full scale would be 
used until the lengths of the vector a.res become too long, 
and then half-sea.le is used. In this particular example, 
full sea.le would be used until the vector length of either 
K/K• or@ K became longer than 2.0, which occurs in the 
vicinity of an angle of + 90 degrees. It is convenient 
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to use the scale which is located on the polar graph paper 
and Figure D-2 illustrates how this scale can be cali­
brated for full and half-scale. 
Table D-2 shows a few calculated angles, obtained with 
the mathematical equation prevlously derived, compared 
with graphical and actual values. It is interesting to 
note how closely they agree. 
This data was originally taken to verify the new 
technique and phase-shift was measured with the Deltron 
Phasemeter to be used as a norm of the actual phase-shift. 
It will be noted, on the master data sheet Table D-1, how 
closely the ACTUAL and GRAPHICAL values compare. When 
the number of possible sources of error are considered, 
this agreement is remarkable. 
TABLE D-2 
Comparison Between Actual, Graphical & Calculated 
Phase Angles 
Plus a Sample Calculation 
Frequenc:;z Actual Graphical Calculated 
30 cps + 137 ° + 137 ° + 138°
70 + 82° + s2 ° + 82.40
400 + 11 ° + 11° + 11°
5000 L1_10 L�3° L�3. 3 °
40,000 - 212 ° - 209 ° - 208 °
_Sample Calculation: 
The equation for phase-shift is: 
C 
_,
ot- = /80 - o..s 
Using values from Table D-1 for 400 cps 
z.. J-
/80 - Co.s -, �. ,3S 6 + I - 3. 'S 'I
.c'X�.3S.S-
-I 
= /80 - c OS - ...,( (,,, 
�.7/
= 180 - (;ao -/1) +II
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